1066

IEEE TRANSACTIONS ON CONTROL SYSTEMS TECHNOLOGY, VOL. 28, NO. 3, MAY 2020

Tube-Based Discrete Controller Design for Vehicle Platoons
Subject to Disturbances and Saturation Constraints
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Abstract— Cooperative adaptive cruise control (CACC) is a
promising intelligent vehicle technology for improving traffic flow
stability, throughput, and safety. One major control objective
of CACC is to guarantee L p string stability, i.e., L p -norm
measured disturbance is uniformly bounded along the vehicle
string. Most existing methods for string stability are laborious
for implementation without considering either heterogeneous
disturbances (e.g., tracking errors and unmodeled dynamics)
or saturation constraints (e.g., input saturation). The decentralized model predictive control (MPC) method, which is a
widely used feedforward control for string stability, suffers the
burdens of computation cost and intervehicular communication.
To fill these gaps, we distinguish different types of disturbances
and use different ways to handle them. We use feedforward
control for large yet infrequent disturbances and feedback control
for small yet frequent disturbances. Different from MPC, our
feedforward control is event-triggered so that the intervehicle
communication and planning costs can be significantly reduced.
Different from pure robust feedback control, our combination of
feedback and feedforward control could reduce the conservation
of the controller. Theoretical analysis and simulations show that
the proposed method guarantees L p string stability of vehicle
platoons considering heterogeneous disturbances and saturation
constraints.
Index Terms— Cooperative adaptive cruise control (CACC),
disturbance L p string stability (DSS), feedback control, feedforward control, model predictive control, tube.

I. I NTRODUCTION
OOPERATIVE adaptive cruise control (CACC) is one
of the promising intelligent vehicles technologies that
contribute to improving traffic flow stability, throughput, and
safety [1], [2]. Through the vehicle-to-vehicle and vehicle-toinfrastructure wireless communication, CACC systems can utilize much more information (e.g., accelerations of all vehicles)
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between vehicles to improve the performance of platoon
control [3], [4].
One major control objective of CACC is to guarantee the
string stability. String stability refers to the uniform boundedness of all the states of the vehicle platoon independent of the
platoon size if the initial states are all uniformly bounded [5].
This property ensures that any position disturbance of the
leading vehicle will not result in amplified fluctuations to
the following vehicle’s position [6]. If the fluctuations are
quantified by L p -norm, the string stability is called L p string
stability [7], [8].
Most existing methods for string stability design a feedback control with proper parameters, but cannot handle saturation constraints. Three types of methods are proposed
for determining parameters: the first type tunes the parameters by transfer function analysis after designing the
controller structure [3], [9], [10], the second type designs
both the parameters and structures simultaneously by H∞
control [7], [11], [12], and the third type determines the parameters by Lyapunov technologies [5], [13]–[16]. The common
limitation of these methods is the difficulty of handling saturation constraints, e.g., input saturation and safety constraints,
because of the conservation of the controller.
To solve the saturation constraints, a decentralized model
predictive control (MPC)-like method (i.e., a feedforward
control) is proposed to guarantee L p string stability [17]. MPC
can optimize future system behavior and utilize the first input
in the optimal sequence at each control interval [18]–[21].
With additional constraints of the optimization problem, the
proposed method [17] can guarantee L p string stability of
vehicle platoons.
The primary limitation for the decentralized MPC-like
method is the heavy burden of computation and intervehicular
communication to handle disturbances [18], [22], [23]. For
each control interval (e.g., 0.1 s), the method is required to
solve an optimization problem based on the updated information by intervehicular communication to handle possible
disturbances.
To solve the above-mentioned problems, we propose an
efficient robust L p string stability control method with the
following objectives.
1) The method guarantees the L p string stability of vehicle
platoons, handling disturbances and satisfying saturation
constraints.
2) The method is much more efficient than the MPC-like
method regarding intervehicular communication and
computation.
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TABLE I
N OTATIONS OF THE VARIABLES IN T HIS B RIEF

Fig. 1.

Flowchart of the proposed method.

To this end, an integrated control policy is proposed, as shown
in Fig. 1.
First, the disturbances are classified into two kinds by their
amplitudes, i.e., initial tracking errors (large amplitude) and
unmodeled dynamics (small amplitude). The initial tracking
errors usually come from traffic behaviors, e.g., cut-in, lanechange, and braking behaviors, which have larger amplitude
and lower frequency than the unmodeled dynamics.
Second, large amplitude disturbances trigger a feedforward
control and intervehicular communication, while small
amplitude disturbances trigger a feedback control. The
feedforward control is powerful but costly concerning
computation and intervehicular communication, whereas
the feedback control is efficient but limited for saturation
constraints. The proposed integrated method is both powerful
and efficient with a proper balance.
Third, the feedforward control and feedback control are
integrated based on tube methods to satisfy the saturation
constraints. The conception of the tube method is first proposed by Mayne and Langson [24] and Langson et al. [25].
A minimal robust positively invariant (mRPI) [26] set is used
to measure the error boundedness between the actual system
and nominal system. The feedforward control is conducted for
the nominal system in the tight sets, while the feedback control
is conducted in the mRPI set. By the tube theorems [25],
the controlled systems can satisfy saturation constraints.
In conclusion, we make the following contributions. We distinguish different types of disturbances and use different ways
to handle them. We use feedforward control for large yet
infrequent disturbances and feedback control for small yet
frequent disturbances. Different from MPC which is a widely
used feedforward control for string stability, our feedforward
control is event-triggered so that the intervehicle communication and planning costs can be significantly reduced. Different
from pure robust feedback control, our combination of feedback and feedforward control could reduce the conservation
of the controller. Theoretical analysis and simulations show
that the proposed control method achieves the two objectives
mentioned above.
The rest of this brief is organized as follows. The problem
formulation is proposed in Section II. In Section III, we propose the integrated control method. The control objectives
and efficiency are analyzed in Section IV. Finally, we provide
simulation results in Section V and conclusions in Section VI.
II. P ROBLEM F ORMULATION
A. Notations and Scenario
The field of real number is denoted by R, whereas N =
{1, 2, . . . }. For a vector x ∈ Rn , its p-norm is given as

1/ p

|x i | p
x p =
, for 1 ≤ p < ∞, and x∞ = maxi |x i |.
Given a Lebesgue measurable signal x : I → Rn , xL p

1/ p
p
denotes its L p norm defined as xL p = I x p dt
<
∞, for 1 ≤ p < ∞, and xL∞ = ess supt ∈I |x(t)|. A continuous function α : [0, α) → [0, ∞) is said to be of class K
if it is strictly increasing and α(0) = 0. We recall Minkowski
sum for sets A, B is A ⊕ B = {x + y|x ∈ A, y ∈ B} and the
Pontryagin difference is A  B = {x|x + y ∈ A, y ∈ B}. The
nominal value of a variable is denoted by its overline format,
e.g., x denotes the nominal value of x. The disturbance value
of a variable is denoted by its tilde format, e.g., x̃ = x − x.
Notations are shown in detail in Table I.
A vehicle platoon is a group of two or more closely spaced
heterogeneous vehicles traveling with the same velocity in the
same lane. As shown in Fig. 2, si denotes the position of
the front bumper of the i th vehicle and L i is the length of the
i th vehicle. The leading vehicle is defined as the 0th vehicle.
Let Sm = {0} ∪ {i ∈ N|1 ≤ i ≤ m} represent the set of all
vehicles in a platoon of length m + 1 ∈ N. Let Se,m = {i ∈
N|1 ≤ i ≤ m}.
To define the scenario in this brief, we have the following
assumptions.
Assumption 1: All vehicles in the platoon are equipped with
CACC technologies.
Assumption 2: Each vehicle follows its predecessor vehicle
at a constant time headway.
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then we obtain the dynamics of the nominal, disturbance, and
actual systems as

Fig. 2.

Assumption 3: During each time interval, the new unmodeled dynamics for each vehicle are bounded.

x i (k + 1) = Ai x i (k) + Bi u i (k) + ωi (k)

(9)

ei = [esi , evi , eai ]T
esi (k) = si−1 (k) − si (k) − h i · v i (k) − di
evi (k) = v i−1 (k) − v i (k)
eai (k) = ai−1 (k) − ai (k)

B. System Models
In many literatures, the dynamic model of vehicle is
described by Newton’s second law approximately as
m i v̇ i = m i ξi − K di ẋ i2 − dmi ,
ηi
ξi
+
ξ̇i = −
τi (ẋ i ) m i τi (ẋ i )

(1)

where m i ξi represents the engine force applied to the vehicle,
K di ẋ i2 specifies the force generated by air resistance, and
dmi denotes the mechanical drag, τ (ẋ i ) is the vehicle engine
time constant at velocity ẋ i , m i is the vehicle’s mass, ηi represents the throttle input to the vehicle engine, i ∈ Sm .
The exact feedback linearization technique is used to convert the nonlinear model into a linear one for controller
design. The same technique has been widely used before,
e.g., [27]–[29], and [16]. If the following control law is
adapted as:
ηi = m i u i + K di ẋ i2 + dmi + 2τi K K di ẋ i ẍ i

(2)

the closed loop dynamics of each vehicle can be obtained as
τi ȧi (t) + ai (t) = u i (t)

(3)

where ai (t) = v̇ i (t) denotes the acceleration of vehicle i .
For platoon control, the discrete state-space equation can be
formulated by the continuous-time state-space equation of the
system with zero-order hold method [30] and Taylor equation.
By sampling the time interval τ , we obtain the discrete statespace model as
x i (k + 1) = Ai x i (k) + Bi u i (k)
⎡ ⎤
si
x i = ⎣v i ⎦,
ai

(7)
(8)

where ωi (k) ∈ W = {ωi (k) ∈ R3 : ωi (k)∞ ≤ cw } denotes
the bounded unmodeled dynamics.
Next, we denote the errors of the nominal, disturbance, and
actual systems. The errors of the actual system are denoted as

Illustration of the scenario studied in this brief.

where

x̄ i (k + 1) = Ai x̄ i (k) + Bi ū i (k)
x̃ i (k + 1) = Ai x̃ i (k) + Bi ũ i (k) + ωi (k)

⎡

1
A i = ⎣0
0

τ
1
0

⎤
⎡ ⎤
0
0.5τ 2
τ ⎦ , Bi = ⎣ 0 ⎦
τ
1 − ττi
τi

(4)

(5)

and k = 0, . . . , N p .
If we denote the nominal value of a variable by its overline
format, e.g., x denotes the nominal value of x, and
x i (k) = x̃ i (k) + x̄ i (k)
u i (k) = ũ i (k) + u i (k)

(6)

(10)

where h i refers to the time headway and di is a constant
distance calculated by the standstill distance and the vehicle
length. The nominal and disturbance values are denoted as
ēi and ẽi , respectively.
Final, we obtain the saturation constraints including the
position, speed, acceleration, and input constraints. The constraint sets of the actual system can be denoted as
si ∈ Si = {si ∈ R : −dmin ≤ esi }
v i ∈ Vi = {v i ∈ R : v min ≤ v i ≤ v max }
ai ∈ Ai = {ai ∈ R : −amax ≤ ai ≤ amax }
x i ∈ Xi = {x i ∈ R3 : v i ∈ Vi , si ∈ Si , ai ∈ Ai }
u i ∈ Ui = {ai ∈ R : −u max ≤ u i ≤ u max }
(11)
where −dmin represents the minimal range error for safety
requirement.
C. Control Objectives
First, we recall the definitions of individual stability,
L p string stability, and disturbance L p string stability (DSS).
Definition 1 (Individual Stability [8]): Consider the nominal system (7) and the error of the nominal system ei (10).
The nominal system is said to be individual stable if
u 0 (t) = 0, ∀t ≥ 0 → lim ei (t) = 0, i ∈ Se,m
t →∞

(12)

where u 0 is the input variable of the lead vehicle.
Definition 2 (L p String Stability [8]): Consider the nominal system (7) and the error of the nominal system ei (10).
The system is said to be L p string stable if there exist class
K function α and constant c > 0 such that for any initial
disturbance satisfying
|ēs1 (0)| < c

(13)

the solution esi (t), i ∈ Se,m , exists for all t > 0 and satisfies
esi (t)L p ≤ α (|ēs1(0)|) .

(14)

Definition 3 (DSS [14]): Considering the actual system (9)
and the error of the actual system ei (10), the system is said to
be disturbance L p string stable if there exist class K function α
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Remark 2: According to (19), the mRPI set is independent
of the platoon size. It is important for the proof of DSS.
Then, we define the tight sets and propose an assumption
of existence. The constraint sets of actual system are defined

the solution esi (t), i ∈ Se,m , exists for all t > 0 and satisfies
esi (t)L p ≤ α (|es1 (0)|) + kw cw .

(16)

Remark 1: Compared with the definition of L p string stability, the boundedness in DSS is composed of not only the
initial disturbance but also the new disturbances. Because
the α and kw are independent of the platoon size, the
spacing errors of the system have a uniform boundedness,
α (|es1 (0)|) + kw cw , independent of platoon size.
Then, we propose the control objectives as following.
1) The nominal platoon system is individual stable.
2) The nominal platoon system is L p string stable.
3) The actual platoon system is disturbance L p string stable
satisfying the saturation constraints.
III. I NTEGRATED C ONTROL M ETHOD
In this section, we propose the integrated control method
based on tube methods, combining the feedforward control
and feedback control.
A. Feedback Control
In this brief, a feedback control ũ i (k) = K i · x̃ i (k) is
adapted for small-amplitude disturbances. The disturbance
evolution (8) can be obtained as
x̃ i (k + 1) = (Ai + Bi · K )x̃ i (k) + ωi (k),
= A K i x̃ i (k) + ωi (k), i ∈ Se,m

(17)

where A K i = Ai + Bi · K i .
The feedback control can be formulated as a discrete linear
quadratic regulator (LQR) problem and solved as Problem 1:
Problem 1:

x i (k) ∈ Xi , u i (k) ∈ Ui .

Let Z denote the mRPI set for disturbance system (17), then
we obtain the tight sets as
Xi := Xi  Z, Ui := Ui  K i Z.

Ki

C. Feedforward Control
A feedforward controller is designed to handle large amplitude disturbances based on a convex optimization problem,
satisfying the tight sets obtained by the tube methods. The
control objectives of the feedforward control are making the
nominal system to be individual stable and L p string stable.
First, the terminal constraints are formulated to guarantee
the individual stability of the nominal system. Let s ai (k),
v ai (k), a ai (k) and u ai (k) represent the planned nominal position,
velocity, acceleration, and input of vehicle i . The states of the
nominal system can be predicted by the planned states as
s̄i (k) = s̄ia (k), v̄ i (k) = v̄ ia (k), āi (k) = āia (k).

x i ∈ Xi, f = {x i ∈ R3 : ei (N p ) = 0}
u i ∈ Ui, f = {u i ∈ R : u i (N p ) = 0}.

0

subject to (8), where the weighting matrices, i.e., Q, L, and R,
are symmetric and positive definite. [31]
B. Tube Methods
First, we recall the following well-known definitions [32].
Definition 4 (RPI Set): The set Z ⊂ Rn is a robust positively invariant (RPI) set of the system (17) if A K i x̃ i + ωi ∈
Z for all x̃ i ∈ Z and all ωi ∈ W, i.e., if and only if
A K i Z ⊕ W ⊂ Z.
Definition 5 (Minimal RPI Set): The mRPI set Z of system (17) is the RPI set in Rn that is contained in every closed
RPI set of system (17).
Next, we introduce the -approximation method [26] to
compute the mRPI set Z, where Z = lims→∞ Fs and
s−1

AiK W,

Fs =
i=0

F0 = {0}.

(19)

(22)

The terminal constraints are obtained as

{Q x̃ si (k)2 + L x̃ vi (k)2 + R ũ i (k)2 }
(18)

(21)

Assumption 4: We assume that the mRPI set, i.e., Z, is sufficiently small such that all tight sets exist. [33]
Remark 3: This assumption is not unusual and represents a
mild condition for many practical constraints and disturbances.
As proved by the tube methods [24], [25], if a new controller
is conducted in the tight sets, the integrated controller of
the feedback and the new controllers can control the actual
system satisfying the original sets. A feedforward controller
is designed as the new controller in this brief.

∞

min Ji =

(20)

(23)

Next, according to Definition 2, the L p string stability
constraints are formulated as
x i (k) ∈ Di = {x i ∈ R3 : esi L p ≤ α (|ēs1 (0)|)}. (24)
Third, we use a multiobjectives function to improve the
performance of the platoon as
Np

{Q i esi (k)2 + L i evi (k)2 + Ri eai (k)2

Ji =
0

+ Fi u i (k)2 }

(25)

where all weighting matrices, i.e., Q i , L i , Ri , and Fi , are
symmetric and positive.
Final, the optimization problem of feedforward control is
obtained as
Problem 2:
min

u i (0),...,u i (N p )

Ji
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TABLE II

subject to

E NVIRONMENTAL S ETTINGS

x i (k) ∈ Xi ∩ Xi, f ∩ Di
u i (k) ∈ Ui ∩ Ui, f ,

(27)

where k = 1, . . . , N p . N p denotes the predictive steps and is
appropriate (e.g., large enough) to make Problem 2 feasible.
D. Integration Mechanism
The feedback control is conducted at each control interval,
while the feedforward control and intervehicular communication are activated by an event-triggered mechanism.
If the disturbances of vehicle i exceed the bounded/ W, the feedforward control of vehicle i
ness, i.e., x̃ i ∈
will be triggered to generate a series of input trajectories,
i.e., ū i (1), . . . , ū i (N p ), by solving Problem 2. The predictive
states, i.e., x̄ ia (1), . . . , x̄ ia (N p ), and the input trajectories are
transmitted to the following vehicle i + 1 by intervehicular
communication, and trigger the feedforward control of the
following vehicle i + 1.
If the boundedness is appropriately chosen to distinguish
the initial tracking errors (large amplitude, low frequency)
and unmodeled dynamics (small amplitude, high frequency),
the feedforward control and intervehicular communication will
be only triggered necessarily and infrequently.
IV. A NALYSIS OF C ONTROL P ERFORMANCES
A. Analysis of Control Objectives
Three theorems are proposed for the achievement of the
three control objectives.
Theorem 1 (Individual Stability): The nominal system (7)
is individual stable supposing that Assumption 4 holds.
Theorem 2 (L p String Stability): The nominal system (7)
is L p string stable supposing that Assumption 4 holds.
Theorem 3 (DSS): The actual system (9) is disturbance L p
string stable supposing that Assumption 4 holds.
Proof: See Appendix A.

B. Analysis of Control Efficiency
The theorem of the convexity of Problem 2 is proposed.
Theorem 4: The problem 2 is a convex optimization
problem.
Proof: See Appendix B.

By Theorem 4, Problem 2 can be solved computational
efficiently by convex optimization tools. According to the
integrated mechanism, the feedforward control and intervehicular communication are infrequently triggered by large
amplitude disturbances. Therefore, the computation cost and
communication cost of the proposed method are much smaller
than MPC-like methods, which trigger the feedforward control
and intervehicular communication at each control interval.
V. S IMULATIONS
In this section, we provide simulation results of the proposed
method for a vehicular platoon equipped with CACC. The
environmental settings are described in Table II. Two scenarios

TABLE III
S IMULATION S CENARIOS

are designed as shown in Table III. The small amplitude
disturbances (i.e., unmodeled dynamics) are generated by a
truncated normal distribution for both scenarios. One large
amplitude disturbance (i.e., initial tracking error) occurs only
at time 0 s in the scenario 1, while three large amplitude
disturbances occur at time 0, 2.5, 5 s in the scenario 2.
Fig. 3 shows the validation of the control objectives.
Fig. 3(a) shows the mRPI determined by (19). As shown
in Fig. 3(b) and (d), the platoon is disturbance L p string stable.
Fig. 3(c) illustrates the trajectories of (es1 , ev2 ), in which the
dashed line denotes the nominal trajectory and the solid line
denotes the actual trajectories. The trend of the actual system is
dominated by nominal trajectory (i.e., the feedforward control)
when range error is large and dominated by the mRPI (i.e., the
feedback control) when the error is small.
Figs. 4 and 5 show the validation of the control efficiency.
An MPC method is implemented as the benchmark. The
MPC method solves Problem 2 with Z = ∅ at each control
interval. To obtain the required information, the intervehicular
communication of the platoon is triggered at each control
interval. Both the MPC method and the proposed method
are implemented at MATLAB 2018a with Intel i5-6200U and
16G ARM. As shown in Fig. 4, both the MPC and the
proposed method can achieve the control objectives similarly.
In both the scenarios, the range errors of the platoon can
converge to the equilibrium state satisfying the disturbance
string stability requirements [(15)]. Considering the inputs of
the methods, the proposed method shows a kind of conservativeness, where the input of MPC can reach the maximal
input (u = 5), while the maximal input of the proposed method
is a little smaller (u = 4.6). The conservativeness comes
from the mRPI set, which is designed for the boundedness
of new disturbances W. If the new disturbance is smaller
than that boundedness, the conservativeness will exist. It is the
reasonable cost considering the much-improved performances
of efficiency. As shown in Fig. 5, the proposed method is much
more efficient than the MPC method regarding computation
time and intervehicular communication times. Fig. 5(c) shows
the tendency of communication number of times with the
average time interval between two consecutive large amplitude
disturbances (i.e., 3 m).
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Fig. 3.

Validation of the control objectives for the proposed method. (a) mRPI. (b) Scenario 1. (c) Illustration of (es1 , ev2 ) trajectories. (d) Scenario 2.

Fig. 4.

Comparisons of the range error and input between the MPC method and the proposed method for (a) scenario 1 (b) and scenario 2.

method is efficient regarding computation and intervehicular
communication.
The integration of the feedforward control and the feedback
control has the advantage of utilizing planned information.
In addition to large amplitude disturbances, other planned
information, e.g., speed guidance from the intersection control,
can also be utilized by this method. The existing methods of
the feedback control could be improved by the integration of
the feedforward control.
In the future work, the integration mechanism has the
potential for further problems, e.g., general communication
typology, communication equality [23], mixed traffic, and
stochastic disturbances [34], [35].

Fig. 5. Comparisons between (a) MPC method and the proposed method for
computation time, (b) communication number of times with scenarios, and
(c) communication number of times with the average time interval between
two consecutive large amplitude disturbances.

VI. C ONCLUSION
In this brief, a tube-based discrete control method
is proposed to guarantee DSS-satisfying saturation constraints. Compared with MPC-like methods, the proposed

A PPENDIX A
P ROOF OF T HEOREM 1–3
Lemma 1 [32]: If Ak is asymptotically stable, there exists
RPI set of system (17) with bounded disturbances.
Lemma 2 [24]: Suppose that Assumption 4 holds. The
nominal system is controlled with the requirements of the
tight sets as x i (k) ∈ Xi , u i (k) ∈ Ui ,, and the feedback
controller is as shown in (17), then the actual system (9)
satisfies x i (k) ∈ Xi , u i (k) ∈ Ui , i ∈ Sm , for k = 0, . . . , N p .
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Proof of Theorem 1: The terminal sets Xi, f , Ui, f for the
nominal system are satisfied by the optimization problem 2.
If there is no new large amplitude disturbance, the vehicle i
will reach the terminal sets Xi, f , Ui, f before the terminal time.
Then, the vehicle i will stay at the equilibrium point, i.e., the
system is individual stable.

Proof of Theorem 2: The string stability constraints for the
nominal system are satisfied by the optimization problem 2.
The vehicle i will satisfy the L p string stability requirements
according to the Definition 2, i.e., the nominal system is L p
string stable.

Proof of Theorem 3: By Lemma 1 and Lemma 2, for
bounded disturbances ωi (k), there is an RPI set Z and a
constant z > 0, such that ẽsi L∞ ≤ z, for all i ∈ Se,m .
Then, for p ≥ 1, we obtain that
esi L p = esi + ẽsi L p
≤ esi L p + ẽsi L p
≤ α(|es1 (0)|) + z
= α(|es1 (0)|) + kw cw

(28)

where kw = z/cw is independent of platoon size. The first
inequality is obtained by the triangle inequality of the norm
and the second inequality is obtained by the Theorem 2.
According to the Definition 3, the actual system is DSS. 
A PPENDIX B
P ROOF OF T HEOREM 4
Lemma 3 [26]: If W is a polytope, the mRPI set estimated
by (19) is convex.
Proof of Theorem 4: First, the objective function Ji [(25)],
constraints sets Xi , Ui [(11)], mRPI set Z, tight sets Xi , Ui ,
terminal constraints sets Xi, f , Ui, f , and the state-space equations of nominal system [(7)] are convex sets.
Therefore, the theorem is proven if the sets of string stability
requirements, i.e., Si , are convex. As defined in (24), Si are
convex if and only if g(u i (k), p) = esi L p is a convex
function. By the definition of L p -norm, we have
1/ p
N p ·τ
|esi (u i (k), t)| p dt
g(u i (k), p) =
0

(29)
where
esi (u i (k), t) = esi (k) + evi (k) · (t − kτ ) + (u ai−1 (k) − u i (k))
·(t − kτ )2
for kτ ≤ t < (k +1)τ . The first equivalence is obtained by the
terminal constraints. Note that esi (k), evi (k) are linear combination of u i (0), . . ., u i (k −1) [see (7)]. Therefore, esi (u i (k), t)
is a convex function in decision variables u i (0), . . ., u i (k),
k = 0, . . . , N p , for any t ∈ [0, N p τ ]. Because the L p -norm
of a convex function is still a convex function [36], [37],
we obtain that g(u i (k), p) is a convex function in decision
variables u i (0), . . ., u i (k), for any t ∈ [0, 0 + N p τ ]. By the
constraints of (24), the convexity of the sets Si is followed,
which concludes the theorem.
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